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Abstract : Since the semiempincal equation of Bohm diffusion (Dg) does not imply the 
instability, it cannot explain the same behavior of the turbulent diffusion (D  ^in inhomogeneous 
magnetic field.
Attributing Bohm diffusion to plasma turbulence, and considering DgmDy, 
we are lead to assume that the factor 1/16 of Bohm's equation is an instability factor. We thus 
irace the origin of the factor introduced by Bohm.
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1. Introduction
As the magnetic field confines the plasma, it may induce a plasma instability. This new 
state (instability) causes plasma loss, and was first reported by Bohm [1]. The 
semiempirical formula of Bohm for this anomalous diffusion is
DB [m2/sec] = Te [eV]/l6  B [T]. 0 )
The fraction 1/16 'has no theoretical justification but is an empirical number agreeing with 
most experiments to within a factor of two or three' [2]. This equation is not formally 
derived, and there have been many attempts to get the same form of the equation 
considering plasma instability [3,4].
DB is independent of density (n) and inversely proportional to B. The value of DB as 
Bohm mentioned, is 'intrinsically uncertain within an order of magnitude because of the 
dependence of fluctuation amplitudes on boundary condition' [ 1].
Historically, the correctly explained anomalous diffusion was that driven by helical 
instability of the positive column (weakly ionized plasma) by Kadomtsev and Nedospasov 
in I960 [5], and the problem was experimentally investigated by Allen et al. [6 ].
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K ad o m tse v  [7] an d  D u p ree  [8] sh o w ed  th a t th e  d iffu s io n  c o e ff ic ie n t acc o rd in g  to  the 
q u a s i - l in e a r  th e o ry  o r  by c o n s id e r in g  w a v e -p a r tic le  in te ra c tio n , is a sso c ia te d  w ith  the 
g ro w th  ra te  ( $  o f  in s tab ility , and  h as  th e  fo rm
Dy = y l  2*?, (2)
w h ere  k2 =  In I Xx is th e  w av e  n u m b e r o f  th e  in s tab ility , an d  Dy is th e  tu rb u len t d iffu s io n  
c o e ff ic ie n t. In sp ite  o f  B o h m 's  d iffu s io n  a s  a sc r ib ed  to  th e  in s tab ility , th e  in s tab ility  is not 
im p lied  e x p lic itly  in B o h m 's  fo rm .
M o st o f  th e  e x p e rim e n ta l re su lts  on  d iffu s io n  are  c o m p a re d  w ith  B o h m 's  d iffu s io n . 
F o r  e x a m p le , B o d in  an d  N ew to n  [9] g av e  an  o rd e r  o f  DBf 10 o r  DBI1 00  fo r  th e  m easured  
c o e ff ic ie n t in th e  lin e a r  T h e ta tro n . In  to ro id a l g eo m e try  (S a n  d ieg o  d c  o c tu p o le ) , P ra te r 
et al [10] sh o w ed  a  s ca le  o f  d iffu s io n  as
B D. '
n  = _____L
u Be 5 0 0 ’
w h ere  Bb and  B a re  the p o lo id a l and  th e  to tal m ag n e tic  fie ld  re sp ec tiv e ly .
In th is  a tte m p t, we c o n sid e r  B o h m ’s d iffu s io n  in a  g ra d ien t m ag n e tic  fie ld  ( VB) Ini 
iwo r e a s o n s : (i) to  n ote  th e  v aria tio n  o f  lo ca l v a lu e  o f  DB, (ii)  s in ce  in s tab ility  condition is 
VB* Vp< 0 , w h ere  p is th e  p la sm a  p re ssu re , a  tu rb u len t d iffu s io n  d o e s  a rise , and  DB can he 
compared w ith  D y .
VB c o u ld  b e  e ith e r  n o rm a l {VB IB )  o r p a ra lle l {VB II B) to  B. S in e e  w e arc 
in te re s te d  in th e  n orm al d iffu s io n  (acro ss  B), th e  p e rp en d ic u la r  VB h as  b een  c o n sid e red  and 
o u r  a im  is to  fo cu s  on th e  B o h m ’s fractio n .
2. D if fu s io n  e q u a t io n  in  V B
F lu id  d if fu s io n  is a t tr ib u te d  to  th e  d en sity  g ra d ien t (F ick 's  law ). T h e n  B o h m 's  d iffusio n  
e q u a tio n  is g iven  by
V * f =  -  (VDb Vn +  Db V 2n ), (3A)
w h e re  T, D, an d  Vn a re  th e  flu x  o f  p a rtic le s , d iffu s io n  c o e ff ic ie n t an d  th e  d en sity  g radient 
re sp e c tiv e ly . F o r  eq . (1 ) o n e  o b ta in s
V T  =  -  l / 1 6 [ V n ( V 7 7 f l  -  TVB/B2) +  VlnTJB\  (3B)
w h e re  VB = V\B\. T h is  is  a  g en era l fo rm  o f  B o h m  d iffu s io n  eq u atio n . T h en  th e  v aria tio n  o f 
Db w ith  th e  d is tan ce  is g iv en  by
VDb =  l /1 6 [ V 7 7 2 ?  -TVB/B1}. (4)
T h e  th eo re tica l e x p lan a tio n  o f  B o h m ’s d iffu s io n  th a t h av e  b een  g iv en  by S p itz e r  [3] 
an d  B e m s tie n  [4], a ssu m ed  a  flu c tu a ted  e lec tr ic  fie ld  ( £ )  th a t m ay  cau se  th e  p artic le s  d rift 
{Ex B). T h e  f lu c tu a tio n  ra n g e  {kx) o f  E is la rg e  c o m p a re d  w ith  th e  L a rm o r  ra d iu s  (r/)
i.e. >  /■/ an d  its  in terv a l ( t ) is lo n g  co m p a red  to  l / t u c (w h e re  cq. is c y c lo tro n  frequ en cy ), 
r> \/(ui 13] T h e  m ag n e tic  fie ld  is a ssu m ed  to  b e  in  the Y -d irec tio n .
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Db m a y  b e  w r i t te n  in  th e  fo l lo w in g  fo rm  
Db =  CTJB.
(5 )
A c c o r d in g  to  S p i t z e r ,  C = 2KfK2Ky  w h e r e  t h e  Ks a r e  u n k n o w n  c o n s t a n t s  o f  
p r o p o r t io n a l i t i e s .  C  m a y  b e  e x p r e s s e d  a s
w h e r e / =  I / r a n d  0  is  th e  f lu c tu a te d  p o te n t ia l .
A c c o r d in g ly ,  th e  c o n c e p t  o f  Ks m a y  le a d  u s  to  a s s u m e  th a t  C is  a  /^ -d e p e n d e n t  
q u a n ti ty .  T h e n  e q . ( 3 B )  c o u ld  b e  r e w r i t te n  a s
V * T =  -  [Vn{VTC!B  + TS7C/B -  TC V B /B 2) + V2n T ! B\  (7 )  
T h u s , a  g e n e r a l  f o r m  o f  e q . ( 4 )  b e c o m e s
VDfl = V T C IB  + TS7CIB -  TC VBIB2. (g)
3. W h a t  is  C ?
At th e  e d g e  o f  p la s m a ,  a n  i s o th e r m a l  c a s e  is  a c c e p ta b le .  T h e n  e q . (8 )  b e c o m e s
= T V C IB  -  T C VBIB2. (9)
T h e  f ir s t  te rm  e x p la i n s  th e  s lo p e  d u e  to  v a r ia t io n  o f  C . T h is  te rm  m o d i f ie s  th e  s lo p e  o f  th e  
s e c o n d  o n e .
W e  h a v e  n o  c l e a r  id e a  a b o u t  th e  b e h a v io r  o f  C  w ith  th e  v a r ia t io n  o f  B. S in c e  C  is 
re la te d  to  th e  in s ta b i l i t y ,  a n d  th e  to ta l  d i f f u s io n  f lu x  is  T  =  T 0 +  T ,  w h e r e  f  = <  h V/EX[J >  
an d  th e  a n g u la r  b r a c k e t  in d ic a te s  a v e r a g in g  w ith  r e s p e c t  to  t im e , w e  o b ta in
F o r  th e  s la b  g e o m e t r y ,  w e  a s s u m e  B in  Y-, in  X- , a n d  E to  b e  in  Z - d i r e c t io n .  O n e  th e n  
l in d s  w ith  th e  a id  o f  e q . (2 )  th a t
Db =  CT /  B s  <  h VEXB > iVn. 0 0 )
( I D
T h u s , CT =  (y l2(o2B)\k,^ .  
in te rm s  o f  f lu c tu a t io n  le v e l  ( 0  /  T), w e  g e t
( 12)
( 13)
T h is  e q u a t io n  s h o w s  th a t  th e  f a c to r  C  d e p e n d s  o n  
(■) th e  f lu c tu a t io n  le v e l o f  th e  m o d e ;
( ii)  th e  r a t io  o f  g ro w th  r a te  a n d  th e  f r e q u e n c y .
T h e se  f e a tu r e s  a r e  in  a g r e e m e n t  w ith  s o m e  o f  th o s e  o f  S p i tz e r  [31.
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4. Experimental results
The experimental investigations of anomalous diffusion (turbulent diffusion D7) for many 
types of plasma confinement devices [11-14], have been reported.
In most reports, the diffusion coefficients D B and D y are obvious functions of 
distance, that is perpendicular with the magnetic field. Calculated diffusion coefficients as a 
function of distance are shown in Figure 1 where Figure la is for Wisconsin octupole [II]
(DCfcm/sec)
F ig u r e  1 (a ). C a lc u la te d  d iffu s io n  c o e ffic ie n t afc a  fu n c tio n  o f  d is ta n c e , fo r 
W isco n sin  to ro idal octu p o le  [ I I ] .
DJClrrflsecl
F ig u r e  1 (b ). C a lc u la te d  d iffu sio n  c o effic ien t as  a  fu nction  o f  d is tan ce , fo r  C u lh am  
le v itron  [12], D B  e stim ated  from  resu lts  dep ic ted  in  th e ir  F ig u res 2b  and  3a,
and Figure lb is for Culham levitron [12], and D , is estimated from the results depicted in 
their Figures 2b and 3a. Figure lc is for Ruhr Univ. mirror device [13], and D , is estimated 
from given data of the plasma parameters. These results show that:
(i) D , and D,do not display the similar variation with the position, 
and (ii) they may not have same older of magnitude (in some cases there is an agreement 
at positions where the instability is high).
UMIST steady-state quadrupole has been described by Phillips et a l [15]. The 
magnetic field is inhomogeneous and fluctuations have been observed in the quadnipole
116-18). The region outside the critical surface (plasma edge) has been studied by the 
author earlier [14] where MHD instability (flute mode of 1 kHz) was observed.
DCI^fsecI
The factor 1/16 o fBohm  diffusion nn
499
F«. Bohm's Ditfirtion B-2M mT
T-6«V
Figure 1(c). Calculated diffusion coefficient as a function of distance, for 
Ruhr Univ. mirror device [13], DB estimated from given data of the 
plasma parameters.
The instability growth rate of the flute mode was estimated by many techniques [14]. 
Results shown in Figure 2  are the theoretical and the experimental estimations of the 
growth rate y.
Figure 2. Theoretical growth rate as a function of y  / /  The correction is for 
collisions and particle drifts. The dominant mode is flute mode which is about 
1kHz. Drift instability was founded to be about 22-35 kHz [16].
The anomalous diffusion coefficients D(y) and D(ExB) were determined. The
results showed a good agreement and both exhibit a positive behavior in the instable region 
(F'gure 3).
°ne expects to find a positive slope of Z)yin the region yd Is 0 .3 - 0 .6 , instead of the 
negative one of DB. The maximum Dy separates the two regions of instability; the regions of
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p m h  and the nearly saturation. That is quite clear front the theoretical estimation of the 
growth rate as shown in Figure 2.
DC I1"/sec]'
Figure 3. Prof.lt of anomalous diffusion coefficients as a function of v P  
(flux-function coordinate). BohnVs coefficient D, compared noth 
experimental coefficients D ( E x B) and Diy).
I n  c o m p a r in g  th e  b e h a v io r  o f  b o th  c u rv e s  D , an d  . w e  n o te  th a t
... Kehnvinr o f  VD, ( i i)  o .  fo l lo w s  th e  in s ta b il i ty  g ro w th  r.\ vnB h a s  an  o p p o s ite  b e h a v io r  o i  v u y \ > y
^ ■ _ r  t7 n  _  n  th a t  r e o re s e n ts  a  su r fa c e  o f  c o n stan t( i i i)  B o th  c u rv e s  h a v e  th e  s a m e  re g io n  o f  V D  -  0 , th a t  r e p re s e n ts
d if fu s io n .
F o r  U M IS T  q u a d ru p o le , eq. (13) b e c o m e s :
<c> (l4)
h r e < c >  is  th e  a v e ra g e  a lo n g  a  c lo s e d  f ie ld  l in e , U ^ d l l B  ( / the field lin e  leng th).
I d  U7 ^ d l l P .  F ig u re  4 sh o w s  d ie  v a ria tio n  o f  < C  >  in  th e  q u a d ru p o le  ra d ia l co o rd in a te
( ^ /  /)  a t th e  re g io n  o f  M H D  in s ta b ility .
<C>
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B y  c o n s i d e r in g  th e  f o r m u la  ( 2 .1 3 b )  o f  F i s c h e r  a n d  K r a m e r  [1 3 ] ,  o n e  c a n  f in d  th e  
s a m e  fo rm  o f  c q . 13.
4.1. Why is Bohm’s factor C =  1/16 ?
In c o n s e q u e n c e  o f  th e  a b o v e  d i s c u s s io n ,  w e  a r e  le d  to  s u g g e s t  th a t  th e  B o h m 's  f a c to r  ( 1 /1 6 )  
is d u e  to  th e  f l u c tu a t io n  p ro p e r t i e s  o f  B o h m 's  g r o u p  d i s c h a r g e .  In  h is  e x p la n a t io n  o f  th e  
d ra in  d i f f u s io n ,  B o h m  u se d  th e  f o l lo w in g  p a r a m e te r s  ( [ 1 ] ,  p. 6 4 ) :  a  m a g n e t ic  f ie ld  o f  0 .3 T  
an d  r a n d o m  e l e c t r i c  f i e ld  (p .  3 6 4 )  o f  o r d e r  3  x  1 0 2 V /m , th e n  th e  d ra in  v e lo c i ty  (E x  B) 
b e c o m e s  1 0 3 n i / s e c .  T h e  f r e q u e n c y  o f  th e  f ie ld  is  2 .5  x  1 0 5 H z , th e n  th e  w a v e le n g th  is  o f  
the o rd e r  o f  4  x  1 0 -3 m . T h e  e le c tr o n  te m p e r a tu r e  is  3  e V .
In  a d d i t io n  to  t h e  a b o v e  p a r a m e te r s ,  w e  n e e d  th e  m a g n i t u d e s  o f  f lu c tu a t io n  le v e l  
((^ /  T )  a n d  th e  g r o w th  r a t e  ( y ), to  a p p ly  e q . ( 1 7 ) .  S o  w e  c a n  a s s u m e  a  c a s e  o f  s t r o n g  
tu rb u le n c e , w h e r e  y  =  m.e. 1 0 s H z  £  y <: 2 .5  x  103 H z . F o r  th e  f lu c tu a t io n  le v e l  ( 0  /  T ) ,  it  
is p o s s ib l e  to  a s s u m e  th a t  th e  m e a s u r e d  r a t io  o f  th e  f lu c tu a t e d  c u r r e n t  to  th e  d c  v a lu e  
( s a tu r a t io n  io n  c u r r e n t  o f  th e  p r o b e )  is  e q u a l  to  th e  p o te n t i a l  f l u c tu a t io n  le v e l .  In  t h e i r  
work [11, th e y  h a d  d e a l t  w i th  a  le v e l o f  o rd e r  3 0 %  (P . 3 5 3  &  3 6 1 ).
A c c o r d in g ly ,  i t  is  e a s y  to  f in d  b y  u s in g  e q . ( 1 3 )  th a t ,  1 /2 0  <  C £  1 /8 , f o r  th e  
case m e n t io n e d  b y  B o h m  [1J. In o th e r  h a n d ,  c a lc u l a t i o n  b a s e d  o n  e q . ( 1 0 )  s h o w s  th a t  
( =  6  x  I O \  w h ic h  is  f a r  f ro m  B o h m 's  e s t im a t io n .  T h e  f i r s t  e s t im a t io n  s h o w s  th a t  1 /1 6  is 
an a v e r a g e  v a lu e  o f  C. T h e  r e s u l t  a g r e e s  w ith  B o h m 's  w o r d s  ‘th e  e x a c t  v a lu e  of DB is 
uncertain w i th in  a  f a c to r  o f  2  o r  3 ’ . T h e  u n c e r ta in ty  is  a  f e a tu r e  o f  th e  f l u c tu a t io n ,  th a t  
is n e s tle d  in  th e  f a c to r  1 /1 6 .
5. Conclusion
T e s tin g  Db u s in g  B o h m ’s f o r m u la  o f  th e  f r a c t io n  1 /1 6  in  VB, s h o w s  a  c o n t r a d ic t io n  in  th e  
behavior w ith  th e  p r e d i c t i o n  o f  q u a s i - l i n e a r  th e o r y .  T h e  c o n t r a d ic t io n  m a y  b e  s o lv e d  b y  
a s s u m in g  th a t  th e  f a c to r  1 /1 6  is n o t  j u s t  a  s im p le  p r o p o r t io n a l  c o n s t a n t .  I t  s h o u ld  b e  a n  
im p o r ta n t d im e n s io n le s s  f a c to r  d e p e n d in g  o n  th e  in s ta b i l i ty .
Figure 5. The dependency of the factor C on the fluctuation level of the 
instability for many measurements made in different plasma systems. < C > is 
calculated from maximum diffusion coefficient.
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Assuming k. la = k j lB = i  Cofeq. (il)becomx
i i  i
c  = I T  a -  (l5)
A  c o m p a r iso n  o f  cq . (1 5 )  w ith  e q . (6 )  sh o w s  th a t th e  d e p e n d e n c y  o n  th e  f lu c tu a tio n  level 
( 0 / 7 " )  is q u ite  o b v io u s  in  b o th  S p itz e r 's  m o d e l [3] an d  th at o f  q u a s i- l in e a r  exp lan a tio n .
F ig u re  5 d e p ic ts  th e  d e p e n d e n c y  o f  th e  fa c to r  C ( c a lc u la te d  fo r  m a x im u m  Dy as 
C  =  B Dy /  71 o n  th e  f lu c tu a tio n  leve l fo r  m an y  m e a su re m e n ts  m a d e  in  d if fe re n t plasm a
sy s te m s .
T h e  a p p lic a tio n  o f  eq s . (6 ) a n d  (1 3 )  o n  B o h m 's  d a ta  sh o w s  a  g o o d  a g re e m e n t with 
th e  re su lt o f  e q . (1 3 ) w ith  th e  fa c to r  1 /16. T h e re fo re , it is e v id e n t th a t th e  n*tk> o f  g ro w th  rate 
to  th e  fre q u e n c y  h as  a  g re a t in f lu e n c e  o n  C , w h e re  th is  ra tio  d e te rm in e s  th e  a p p l ic a b i l i ty ^  
q u a s i- lin e a r  a p p ro x im a tio n .
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